We present a general relativistic model of a spherical shell of matter with a perfect fluid on its surface coupled to an internal oscillator, which generalizes a model recently introduced by the authors to construct a self-gravitating interferometer [1] . The internal oscillator evolution is defined with respect to the local proper time of the shell, allowing the oscillator to serve as a local clock that ticks differently depending on the shell's position and momentum. A Hamiltonian reduction is performed on the system, and an approximate quantum description is given to the reduced phase space. If we focus only on the external dynamics, we must trace out the clock degree of freedom, and this results in a form of intrinsic decoherence that shares some features with a proposed "universal" decoherence mechanism attributed to gravitational time dilation [2] . We show that the proposed decoherence remains present in the (gravity-free) limit of flat spacetime, indicating that the effect can be attributed entirely to proper time differences, and thus is not necessarily related to gravity. Finally, we point out a way to bootstrap the gravitational contribution to the time dilation decoherence by including self-interaction, and comment on how this can be considered a fundamentally gravitational intrinsic decoherence effect.
I. INTRODUCTION
Time dilation is one of the most profound consequences of relativity theory. In classical systems, time dilation effects are fairly well understood, but in quantum systems there are still many questions that remain unanswered. One such question is how to properly incorporate the effects of time dilation into the quantum evolution of composite systems, either in the limit of flat spacetime or in situations where gravitational effects are significant. In a series of papers by Pikovski et al. [2] - [4] , for instance, a "universal" decoherence mechanism was proposed for composite general relativistic systems, due to gravitational time dilation. It is this effect, and variations on the theme, that we focus on in this paper.
Rather than make use of the same model used by Pikovski et al., we will explore the same ideas with a model that generalizes the self-gravitating spherical perfect fluid shell introduced recently by the authors [1] . Whereas the original model was introduced to study the consequences of general relativity on massive interferometers, here we extend the model to include an "internal" harmonic oscillator, to analyze the quantum structure of composite relativistic systems. By "internal," we mean that the harmonic oscillator is described by an internal coordinate q that oscillates in an abstract space that is not part of the spacetime, but does so according to the proper time evolution at the location of the shell surface. The oscillator therefore serves as a clock, evolving based on the local flow of time determined by the shell motion. We should keep in mind that the internal oscillator contributes to the external shell dynamics as well, which in turn affects the spacetime; in other words, the very ticking of our clock influences the manner in which it ticks. This is especially relevant in the quantized system, because uncertainties in clock readings become intimately connected with uncertainties in spacetime geometry.
We will explore some of the ambiguities associated with the quantum theory of this generalized shell system in reduced phase space, and then relate an approximate form of our reduced Hamiltonian with the Hamiltonian presented in [2] . We exploit this parallel to demonstrate time dilation decoherence in our system, and observe that when the fluid pressure is nonzero, the decoherence remains present even in the (gravity-free) limit of flat spacetime, because of the acceleration caused by the pressure. This indicates that the proposed effect results from proper time differences alone, and as such is not necessarily related to gravity.
Further, we can use our generalized shell model to include self-interaction corrections to the time dilation decoherence, such that the decoherence is altered by the manner in which our shell and its clock influence the state of their own geometry. We find that even without pressure, the self-gravitation of the shell leads to the nonzero acceleration required to produce the time dilation decoherence. We interpret this "self-decoherence" as a fundamentally gravitational effect.
II. CLASSICAL ACTION
For context, before adding an internal oscillator, the self-gravitating spherical perfect fluid shell model introduced in [1] is described by the action I x + I G , where I x is the shell action
with all quantities evaluated on the shell history, and I G is the Einstein-Hilbert action
Here superscripts on the metric determinant g and the Ricci scalar R indicate that these are constructed from the full (3+1)-dimensional spacetime metric components {g µν }. We make use of the ADM form of the metric in spherical symmetry,
where N is the lapse function, N r is the radial component of the shift vector, and L 2 and R 2 are the only nontrivial components of the spatial metric [5] . It is then clear that R is the "radius" of the shell, obtained from the area 4πR 2 of symmetry two-spheres. The shell contribution I x is analogous to a free relativistic particle action, except with a mass M that depends on the positiondependent metric function R; the function M (R) serves to parametrize the relationship between the density σ = M (R)/4πR 2 and pressure
We add an internal oscillator to our shell with the action
with τ being the proper time evaluated on the shell history, and q being an internal coordinate that does not take values in the (external) spacetime. The quantity k is related to ω 0 , the natural frequency of the oscillator, via k = mω 2 0 . The action (4) is manifestly invariant under coordinate transformations, as it only makes use of the proper time of the shell.
It simplifies the description to parametrize the shell history with the coordinate time t, such that the classical shell motion is defined by a trajectory r = X(t). We can use the shell 4-velocity u µ = (dt/dτ )(1,Ẋ, 0, 0) to express the proper time differentials as
and
Now q is being treated as a function solely of coordinate time t, to reflect our choice of parametrization. The 4-velocity normalization u µ u µ = −1 then implies that one can express the derivative of the proper time with respect to the coordinate time aṡ
An overhat denotes that a quantity is to be evaluated on the shell history; likewise, it is understood that the overdots denote coordinate-time derivatives along the shell trajectory.
If we define the original shell Lagrangian as
and the oscillator Lagrangian as
then the shell-oscillator action is given by
III. HAMILTONIANIZATION
We can Hamiltonianize the shell-oscillator system with the Legendre transformation H = PẊ + pq − L. The momentum p conjugate to the internal coordinate q is given by
and that the momentum conjugate to the shell position X is given by
where the internal "clock" Hamiltonian H q = p 2 /2m + kq 2 /2 takes the form of a (free) harmonic oscillator. Introducing the notationM =M + H q , one can observe that our shell-oscillator system becomes very similar to the shell system without the oscillator, subject to the transformationM →M .
More explicitly, the shell momentum P can be expressed as
from which we can solve forẊ to obtaiṅ
The Legendre transformation then gives us the Hamiltonian
with the definitions
Hamiltonianizing the gravitational sector as well, as in [1] , leads to the total action
IV. REDUCED PHASE SPACE QUANTIZATION
Since we are working in spherical symmetry, the metric itself has no actual degrees of freedom, because although there are only two gravitational constraints (H t = 0 and H r = 0), there are also only two independent metric functions (L and R). Accordingly, one can obtain an unconstrained description of the system by making a coordinate choice, solving the constraints for the corresponding gravitational momenta, and inserting the solutions into the Liouville form F on the full phase space,
This amounts to a pullback of the full Liouville form to the representative hypersurface defined by the coordinate choice. From the Liouville pullback, denoted bỹ F , we can deduce the canonical structure of the reduced phase space, which only depends on the shell-oscillator variables X and q (and their momenta).
To solve the gravitational constraints, first consider the following linear combination of the constraints, away from the shell:
for
The quantity M(r) corresponds to the ADM mass H when evaluated outside of the shell, and vanishes inside the shell. We can now solve for the gravitational momenta π L , π R away from the shell. The result is
Assuming a continuous metric and singularity-free gravitational momenta, we can integrate the gravitational constraints (H t = 0 and H r = 0) across the shell, from which we obtain the jump conditions
We use ∆ to denote the jump of a quantity across the shell (at r = X(t)).
The coordinates we will use resemble the Painlevé-Gullstrand coordinates {L = 1, R = r}, though the jump conditions force us to include a deformation region (X − ǫ < r < X) near the shell. By inspection, the required metric function R can be generalized as
for a function G having the properties
from which it follows that
By inserting the gravitational momentum solutions (22) associated with the coodinate choice (24) into the jump equations (23) and squaring, one finds
This implies that the unreduced momentum P is implicitly defined as a function of the reduced phase space quantities X, q, p, and H: one can easily solve (29) to obtain
The ± in (30) indicates whether the shell is outgoing (+) or ingoing (-), with respect to our choice of coordinates. Let us now calculate the pullback of the full Liouville form to the representative hypersurface defined by our coordinate choice. The condition L = 1 and the fact that R = r outside of the deformation region implies that
We can then simplify the remaining integral by changing the integration variable from r to v = R ′ , which yields
with R ′ − being R ′ evaluated just inside the shell. Now the integration is trivial, and we can easily obtain the desired Liouville form pullback,
with the reduced canonical momentum for the shell position satisfying
This expression gives an implicit definition of the Hamiltonian H on the reduced phase space, as a function of the shell-oscillator variables (X and q), along with the momenta that are conjugate to them in the reduced phase space (P c and p, respectively). It can also be shown [1] that the expression (34) for the reduced canonical shell momentum P c is equivalent to the form analagous to the expression given by Kraus and Wilczek [6] ,
despite the different minus sign placement. To gain some intuition for how the presence of the oscillator alters the reduced dynamics, let us consider the flat spacetime limit of the system defined by (35). Keeping in mind the similarities with the relativistic-particle-like structure of our shell system, it should be unsurprising that in this limit (35) becomes
and therefore the Hamiltonian is given by
In the nonrelativistic regime (i.e. small P c ), the Hamiltonian can then be expressed as
.
The last term in this approximate Hamiltonian is an effective coupling between the internal oscillator variables (q and p) and the external shell variables (X and P c ).
The coupling is of course produced by the fact that the internal "clock" oscillates harmonically with the shell's proper time, the flow of which is influenced by the external variables. Even in the flat spacetime nonrelativistic limit, one can tell from the appearance of the clock Hamiltonian H q in the denominator of the last term in (38) that exact quantization will require nonstandard techniques. The Hamiltonian (38) leads to the following Schrödinger equation, in the coordinate basis:
The factor-ordering in the last term of (39) was chosen to make the differential operator Hermitian, but there is still some ambiguity in the meaning of the bracketed factor between the X-derivatives, since the formal expression has q-derivatives in the denominator.
To formulate a more tractable problem, let us consider the following approximation to the Hamiltonian (38):
which should be valid as long as the shell massM is sufficiently larger than the clock energy H q . In this case the system decomposes into a more standard form
with the approximate shell Hamiltonian H x =M + P 2 c /2M, the internal "clock" Hamiltonian H q = p 2 /2m+ kq 2 /2, and the interaction
which is induced by the clock oscillation being defined with respect to the proper time of the shell.
V. TIME DILATION DECOHERENCE
The decomposition (41) is of the same form as the one used recently by Pikovski et al. [2] to demonstrate decoherence due to gravitational time dilation for composite systems, though the interpretation of the system variables is different. Nonetheless, we can exploit the similarity enough to demonstrate an analogous decoherence in our system, as will become clear in what follows.
Represented by a density operator, the full state ρ obeys the von Neumann equation,
We can then change the frame to primed coordinates, as in [2] , which are defined by ρ ′ (t) = e it(H0+h) ρ(t)e −it(H0+h) , for h(X, P c ) = T r q [H xq ρ q (0)]. We are assuming that the initial state of the system is of the product form ρ(0) = ρ x (0)ρ q (0), i.e. initially uncorrelated. Denoting the average clock energy T r q [H q ρ q (0)] byĒ q and the shell part of the interaction by Γ = −P 2 c /2M
2 , we obtain the expression h = Γ(X, P c )Ē q . The transformed von Neumann equation iṡ
with h
If we integrate and iterate equation (44), we are led to the integro-differential equationρ
. At this point Pikovski et al. trace over the internal variables, which for us describe the clock, and make use of the Born part of the Born-Markov approximation, keeping only terms up to second order in the interaction Hamiltonian H xq , and replacing the ρ ′ (s) in the integral by ρ
. This application of the Born approximation assumes weak coupling, but in contrast to the full Born-Markov it does not ignore memory effects. For a detailed discussion of this approximation, see [7] . The reduced equation for the shell variables is then given bẏ
with the notation
One can then transform back to the unprimed frame, whereby the substitution s → t−s leads to the expressioṅ
In general, the reduced evolution equation (49) exhibits decoherence due to the nonunitary contribution of the last term on the right. Under some special circumstances this term vanishes, leaving the reduced system to evolve unitarily; for example, such a circumstance occurs for initial states that are eigenstates of the internal (clock) Hamiltonian, of course then the oscillator is not much of a clock, as it never changes with time (modulo a phase).
VI. DISCUSSION
In the last section, we demonstrated intrinsic decoherence due to time dilation, in the (gravity-free) limit of flat spacetime. In the system described by Pikovski et al. [2] , which includes spacetime curvature caused by the external gravitational field of the earth, the time dilation decoherence should vanish in the absence of the earth's gravitational influence: without the earth, the center-ofmass coordinate they use defines the origin of an inertial frame, and in that frame the proper time associated with the center-of-mass coordinate is equal to the coordinate time. However, in our system, the decoherence is present even without an external gravitational field, because of the nonzero acceleration of the shell due to the position dependence of the mass (M = M (X)). We are then led to conclude that the time dilation decoherence proposed in [2] is not necessarily related to gravity, but produced by proper time differences in composite systems with nonzero accelerations.
The preceding analysis can be extended to include selfinteraction effects, by making use of the Hamiltonian asymptotics presented in [1] , along with the transformationM →M . We then find that the components H x and Γ of the decomposition (41) generalize to
